Abstract: In this paper, we investigate the notions of U X -projective, X -injective and X -flat modules and give their characterizations, where X is the class of left R-modules. We prove the class of all U X -projective modules is Kaplansky and show the existence of U X -covers and U X -envelopes over a U X -hereditary ring R. Moreover, we prove that decomposition of a U X -projective module into a projective and a coreduced U X -projective module over a self X -injective and U X -hereditary ring. Finally, we prove that every module has an X -injective cover over a Noetherian ring R, where X is the class of all pure projective modules.
Introduction
Throughout this paper, R denotes an associative ring with identity and all Rmodules, if not specified otherwise, left R-modules. R-M od denotes the category of left R-modules.
The notion of F P -injective modules over arbitrary rings was first introduced by Stenström in [22] . An R-module M is called F P -injective if Ext 1 R (N, M ) = 0 for all finitely presented R-modules N . Let X be a class of left R-modules. Mao and Ding in [16] introduced the concept of X -injective modules (see Definition 3.1).
The notions of (pre)covers and (pre)envelopes of modules were introduced by Enochs in [8] and, independently, by Auslander and Smalø in [2] . Since then the existence and the properties of (pre)covers and (pre)envelopes relative to certain submodule categories have been studied widely. The theory of (pre)covers and (pre)envelopes, which play an important role in homological algebra and representation theory of algebras, becomes now one of the main research topics in relative homological algebra.
Salce introduced the notion of a cotorsion theory in [21] . Enochs showed the important fact that closed and complete cotorsion pairs provide minimal versions of covers and envelopes. Eklof and Trlifaj [7] proved that a cotorsion pair (A, B) is complete when it is cogenerated by a set. Consequently, many classical cotorsion pairs are complete. In this way, Enochs et al. [3] showed that every module has a flat cover over an arbitrary ring. These motivate us to prove the existence of U X -projective cover and X -injective envelope. In particular, we prove the following result.
Theorem A. Let R be a U X -hereditary ring. Then every R-module M has a U X -projective cover and an X -injective envelope.
Self injective rings were introduced by Johnson and Wong in [14] . A ring R is said to be self injective if R over itself is an injective module. In this paper, we introduce self X -injective ring (see Definition 4.15) . Mao and Ding [17] proved that an F I-injective R-module decomposes into an injective and a reduced F I-injective R-module over a coherent ring. Similarly, we can prove the following result:
Theorem B. Let R be a self X -injective and U X -hereditary ring. Then an Rmodule M is U X -projective if and only if M is a direct sum of a projective R-module and a coreduced U X -projective R-module.
Enochs and Pinzon [18] proved that every module has an F P -injective cover over a coherent ring. We prove the following result that provides the existence of X -injective cover, where X is the class of all pure projective modules.
Theorem C. Let R be a Noetherian ring. Then every R-module M has an Xinjective cover.
This paper is organized as follows: In Section 2, we recall some notions that are necessary for our proofs of the main results of this paper.
In Section 3, we investigate the notions of X -injective and X -flat modules and give their characterizations.
In Section 4, we introduce U X -hereditary ring. Further, we investigate U Xprojective module and give its characterizations. Further, we prove the main results which are Theorem A and Theorem B.
In Section 5, we prove that if M is a submodule of an X -injective R-module A, then i : M → A is a special X -injective envelope of M if and only if A is U Xprojective essential extension of M.
In the last section, we assume that X is the class of all pure projective modules and we prove that every module has an X -injective preenvelope. Moreover, we prove the main result of this section is Theorem C.
preliminaries
In this section, we recall some known definitions and terminologies that will be used in the rest of the paper.
Given a class C of left R-modules, we write
That is, if f g = f implies that g is an automorphism for each g ∈ End R (C). C ⊆ R − M od is a precovering class (resp. covering class) provided that each module has a C -precover (resp. C -cover). Dually, we have the definition of C preenvelope (resp. C envelope).
A C -precover f of M is said to be special [13] if f is an epimorphism and kerf ∈ C ⊥ . A C -preenvelope f of M is said to be special [13] if f is a monomorphism and cokerf ∈ ⊥ C . A C -envelope φ : M → C is said to have the unique mapping property [6] if for any homomorphism f : M → C ′ with C ′ ∈ C , there is a unique homomorphism g : C → C ′ such that gφ = f. Recall that an R-module M is called reduced [9] if it has no nonzero injective submodules. An R-module M is said to be coreduced [5] if it has no nonzero projective quotient modules.
A module is said to be pure projective [19] if it is projective with respect to pure exact sequence.
A class C of left R-modules is said to be injectively resolving [13] if C contains all injective modules and if given an exact sequence of left R-modules 0 → A → B → C → 0 C ∈ C whenever A, B ∈ C . Definition 2.1.
(1) A pair C = (A, B) of classes of modules is called a cotorsion [13] cotorsion theory (A, B) is said to be perfect [10] if every module has an A-cover and a B-envelope.
For an R-module M , f d(M ) denote the flat dimension of M and id(M ) denote the injective dimension of M. The U X -coresolution dimension of M , denoted by cores.dim UX (M ), is defined to be the smallest nonnegative integer n such that Ext n+1 R (A, M ) = 0 for all R-modules A ∈ X (if no such n exists, set cores.dim UX (M ) = ∞), and cores.dim UX (R) is defined as sup{cores.dim UX (M )|M ∈ R-M od}.
We denote by Z the ring of all integers, and by Q the field of all rational numbers. For a left R-module M , we denote by M + = Hom Z (M, Q/Z) the character module of M. I 0 denotes the class of all injective left R-modules. Also, we denote by U X the class of all X -injective modules (that is, X ⊥ = U X ) and U X the class of all U X -projective R-modules (that is, U X = ⊥ U X ). For unexplained terminology we refer to [1, 20] .
X -injective and X -flat modules
We begin with the following definition Proof. (1) . The direct implication is clear. Conversely, let M be X -injective and 
and hence L is X -injective. Therefore, Ext 1 R (L, M ) = 0, so that the exact sequence is split. It follows that M is a direct summand of E, as desired.
We now give some of the characterizations of X -injective module: ( Proof.
(1) ⇒ (2). Consider an exact sequence
where E ∈ X . Then by hypothesis
Clearly, E(M ) ∈ X . Then, by hypothesis it follows that f :
. Let M be a kernel of an X -precover f : A → B with A an injective module. Then we have an exact sequence 0 → M → A → A/M → 0. Therefore, for any left R-module N ∈ X , the sequence 
(4) ⇒ (1). For each left R-module N ∈ X , there exists a short exact sequence 0 → K → P → N → 0 with P a projective module, which induces an exact sequence 
Proof. Consider the residue field k = R/m and an exact sequence 0
This implies that ip is an isomorphism as φ is an U X -injective cover. Thus i is an epimorphism, and hence
Since R is domain, the quotient field Q(R) of a ring R is injective, and Q(R) is essential over R. Hence E(R) = Q(R). Now k ⊕ E(R) with E(R) an injective R-module and k a reduced U X -injective R-module. Since finite direct sum of 
Hence by [9, Corollary 5.4.7] , φ is not an injective cover of E(k)/k. This implies that φ is not an U X -injective cover of E(k)/k. Then by Proposition 3.4, k is not U X -injective.
We now give some characterizations of X -flat module:
Proposition 3.7. The following are equivalent for a right R-module M :
Hence the functor M ⊗ − preserves the exactness.
(2) ⇒ (1). Let G ∈ X . Then there exists a short sequence 0 → K → F → G → 0 with F a projective module, which induces an exact sequence 0 → T or
(1) ⇔ (3). It follows from the natural isomorphism [12, p 34] T or
Proposition 3.8. Let R be a coherent ring. Then a right R-module N is flat if and only if
Proof. "only if" part is trivial. Conversely, suppose that N is X -flat. By Remark 3.7,
is injective and hence N is flat.
U X -projective cover and X -injective envelope
Now, we introduce X -projective module. 
where ψ is an injective envelope of k. Since cores.dim UX (R) ≤ 1, U X (k) = E(k) and hence ψ is U X -injective envelope of k. Since the class of all U X -projective modules is closed under extensions, then by [24, Lemma 2.
We now introduce the following definition Given a class X of left R-modules, we write
Example 4.7. Let R be a commutative Noetherian ring and X ⊥2 = U X2 , where
Proof. Let I be an ideal of R. We claim that I is U X2 -projective. By hypothesis, Ext 2 R (R/p, G) = 0 for all p ∈ SpecR and for all G ∈ U X2 . It follows that id(G) ≤ 1. Thus Ext 2 R (R/I, G) = 0 for all ideals I of R and for all G ∈ U X2 . Consider an exact sequence 0
Proposition 4.8. A ring R is U X -hereditary if and only if every submodule of a (U
Proof. Let I be an ideal of R. Then there is an exact sequence 0
Example 4.9. Let R be a commutative Noetherian ring and X ⊥2 = U X2 , where
Proof. By Example 4.7, R is U X2 -hereditary. For S = M n (R), the module categories R C and S D are equivalent by [15, Theorem 17.20] . From this natural eqivalance, U X2 projective S-modules M correspond to U X2 projective R-modules N. Hence submodules of M correspond to submodules of N. By Proposition 4.8, all submodules of N are U X2 projective in R C. It follows that submodules of M are U X2 -projective in S D. This implies that S is a U X2 -hereditary ring by Proposition 4.8.
In general, the class U X of all U X -projective modules is not necessarily closed under pure submodules. If R is a hereditary ring, then U X = R-M od and U X = I 0 . It follows that U X is closed under pure submodules. If R is U X -hereditary, then U X is need not be equal to I 0 . Is it true that U X a closed under pure submodules over a U X -hereditary ring? We have the following Proof. Let A be a pure submodule of a U X -projective module H. Then we have to claim that A is U X -projective. Consider an exact sequence 0 → A → H → H/A → 0. Then the following pullback diagram is commutative:
where P is projective. By Proposition 4.8, K is U X -projective. Also X is U Xprojective since U X is closed under extensions. In the middle row of the above diagram, the sequence · · · → Ext 
The following result is analog of Proposition 2.6 in [10] .
Proposition 4.12. Let R be a U X -hereditary ring. Then U X is Kaplansky.
Proof. Let M ∈ U X and x ∈ M . Then there exists an exact sequence in R-M od
where P i 's and P i 's are projective R-modules and such that M = ker(P 0 → P 1 ). The complex P • is a complete projective resolution of M . Since every projective module is U X -projective, then P i 's and P i 's are U X -projective. It follows that the complex P • is a complete U X -projective resolution of M . We will construct a U X -projective submodule F of M with x ∈ F .
Since x ∈ M , there exists y ∈ P 0 such that f (y) = x by surjectivity of f , where f : P 0 → M . Consider < y >⊆ P 0 and we get the inclusion map < y > → P 0 . By Remark [9, Lemma 5.3.12], a cardinal ℵ 0 and a submodule F 0 ⊆ P 0 pure such that < y >⊆ F 0 and Card(F 0 ) ≤ ℵ 0 . Let f (F 0 ) ⊆ M and observe that f (F 0 ) ⊆ P 0 . As before we obtain F 0 ⊆ P 0 pure and a cardinal ℵ 1 such that Card(F 0 ) ≤ ℵ 1 . Then consider the quotient F 0 /f (F 0 ) and get F 1 ⊆ P 1 and ℵ 2 such that Card(F 1 ) ≤ ℵ 2 . Now we reverse the process in the opposite direction and consider F 0 ∩ P 0 /M . Then there exists a submodule D 0 of P 0 which applies in F 0 ∩P 0 /M . We get again F Again we start the construction going forward and we consider p 1 (F 1 1 ) ⊆ P 0 and proceed as before, going n steps forward, going back n + 1 steps and n + 2 forward again. Then we take the union of all the complexes constructed in the "zig-zag" process
and we consider F = ker(F 0 → F 1 ), which is a submodule of M which contains the element x and that by the construction, there exists a cardinal ℵ such that Card(F ) ≤ ℵ. The complex F • is exact by its construction. Since F i 's and F i 's are pure submodules of U X -projective module, then by Proposition 4.10 these modules are U X -projective.
Finally, M/F is also U X -projective since the quotient complex P • /F • is exact.
Proposition 4.13. Let R be a U X -hereditary ring. Then U X is closed under direct limits.
Proof. Let (M α | α ∈ Λ) be a sequence of U X -projective modules over a directed index set Λ and canonical maps ψ α :
For every X -injective R-module G, there exists a short exact sequence
with E an injective module, which induces an exact sequence
Consider an exact sequence 0 → I → R → R/I → 0, which induces an exact sequence · · · → Ext
Thus L is X -injective. Hence γ factors through some M α . Then there is a map
Theorem 4.14. Let R be a U X -hereditary ring. Then every R-module M has a U X -projective cover and an X -injective envelope.
Proof. By Proposition 4.12, U X is a Kaplansky class. Since all projective modules are U X -projective, U X contains the projective modules. Clearly, U X is closed under extensions. By Proposition 4.13, U X is closed under direct limits. Then by [10, Theorem 2.9], ( U X , U X ) is a perfect cotorsion theory. Hence by Definition 2.1, every module has a U X -cover and a U X -envelope. Now we introduce self X -injective ring.
Definition 4.15. A ring R is said to be self X -injective if R over itself is an X -injective module.

Example 4.16. QF -ring and self injective ring.
We now give some characterizations of U X -projective module: Proposition 4.17. Let R be a self X -injective ring and let M be an R-module.
Then the following conditions are equivalent:
(1) M is U X -projective; (2) M is projective with respect to every exact sequence 0 → A → B → C → 0, with A an X -injective module; 
. Consider an exact sequence 0 → K → P → M → 0 where P projective. Since R is self X -injective, every projective module is X -injective. Hence P is X -injective. Then by hypothesis K → P is an X -injective preenvelope.
(4) ⇒ (1). By hypothesis, there is an exact sequence 0 → K → P → M → 0, where K → P is an X -injective preenvelope with P projective. It gives rise to the exactness of (1) M is coreduced U X -projective; (2) M is a cokernel of an X -injective envelope K → P with P a projective module.
Proof.
(1) ⇒ (2). Consider an exact sequence 0 → K f → P g → M → 0 with P a projective module. Since R is self X -injective, P is X -injective. By Proposition 4.17, the natural map f : K → P is an X -injective preenvelope of K. By Proposition 4.14, K has an X -injective envelope α : K → P ′ . Then there exist β : P ′ → P and β ′ : P → P ′ such that α = β ′ f and f = βα. Hence α = (ββ ′ )α. It follows that ββ ′ is an isomorphism, P = im(β) ⊕ ker(β ′ ). Note that im(f ) ⊆ im(β), and so P/ im(f ) → P/ im(β) → 0 is exact. But M is coreduced and P/ im(f ) ∼ = M , and hence P/ im(β) = 0, that is, P = im(β). So β is an isomorphism, and hence f : K → P is an X -injective envelope of K.
(2) ⇒ (1). By Proposition 4.17, M is U X -projective and M is coreduced by [6, Lemma 3.7] We are now to prove the main result of this section. Proof. "If" part is clear.
"Only if" part. Let M be a U X -projective R-module. By Proposition 4.17, we have an exact sequence 0 → K → P → M → 0 with P a projective module, where K → P is an X -injective preenvelope of K . By Proposition 4.14, K has an Xinjective envelope f ∈ Hom R (K, P ′ ) with P ′ an X -injective R-module. Then we have the following commutative diagram with exact rows:
Note that βα is an isomorphism, and so P = ker β ⊕ im α. Since im α ∼ = P ′ , P ′ and ker β are projective. Therefore P ′ / im f is a coreduced U X -projective module by Proposition 4.18. By the Five Lemma, σφ is an isomorphism. Hence, we have M = im φ ⊕ ker σ, where im φ ∼ = P ′ / im f . In addition, we get the following commutative diagram:
Hence, ker σ ∼ = ker β.
Some Relation Between U X -projective and X -injective modules
In this section, we deals with X -injective envelope of a module and U X -projective module. Let M be a submodule of a module A. Then A is called a U X -projective extension of a submodule M if A/M is U X -projective.
Recall that among all U X -projective extensions of M we call one of them 0 → M → A → D → 0 a generator for Ext U X , M (or a generator for all U X -projective Theorem 5.4. Suppose that an R-module M has an X -injective envelope. Let M be a submodule of an X -injective R-module L. Then the following are equivalent:
Proof. (1) ⇒ (4). By Wakamatsu's Lemma [9, Proposition 7.2.4] , L/M is U X -projective. Since γi = i and i is monomorphism, γ is monomorphism.
(4) ⇒ (1). Since L/M is U X -projective, i is a special X -injective preenvelope. Let ψ : M → U X (M ) be an X -injective envelope of M . Then there exist µ : L → U X (M ) and ν : U X (M ) → L such that µi = ψ and νψ = i. Hence µνψ = ψ and i = νµi. Thus µν is an isomorphism, and so µ is epic. In addition, by (4), νµ is monic, and hence µ is monic. Therefore µ is an isomorphism, and hence i is an X -injective envelope of M .
(
Hence βπi = i. Note that i is an envelope, and so βπ is an isomorphism, whence π is an isomorphism. But this is impossible since π(N ) = 0.
Since L/M is U X -projective, i is a special X -injective preenvelope. Thus we have the following commutative diagram with an exact row.
Note that ψ M is an X -injective envelope, and hence gf is an isomorphism. Without loss of generality, we may assume gf = 1. Write α = φg : L → Q. It is clear that α is epic and M ∩ ker(g) = 0. We show that M ⊕ ker(g) = ker(α). Clearly, M ⊕ ker(g) ⊆ ker(α). Let x ∈ ker(α). Then α(x) = φg(x) = 0. It follows that g(x) = ψ M (m) for some m ∈ M , and hence
. Thus x ∈ M ⊕ ker(g), and so
is U X -projective by Wakamatsu's Lemma. Thus ker(g) = 0 by hypothesis, and hence g is an isomorphism. So i : M → L is an X -injective envelope.
A submodule of X -injective module need not be X -injective. 
It is easy to see that A = f (A ′ ) ⊕ ker(g). We claim that ker(g) = 0. Since
. Obviously, ψ is well defined.
By diagram chasing, we see that ψ is injective. But both g and β ′ are surjective, so is ψ. Therefore, ker(g) is U X -projective essential extension of A/ ker(g). This contradicts the hypothesis that A is U X -projective essential extension of M . This implies that ker(g) = 0 and so f is an isomorphism.
X -injective cover
In this section, we assume X is the class of all pure projective modules and we prove that all modules have X -injective covers.
Proposition 6.1. The class U X of all X -injective modules is closed under pure submodules.
Proof. Let A be a pure submodule of an X -injective module M . Then there is a pure exact sequence 0 → A → M → M/A → 0 and a functor Hom R (X, −) preseves this sequence is exact whenever X ∈ X . This implies that the sequence
is also exact for all X ∈ X . It follows that Ext 1 R (X, A) = 0 for all X ∈ X , as desired. Theorem 6.2. Every R-module has an X -injective preenvelope.
Proof. Let M be an R-module. By [9, Lemma 5.3.12] , there is a cardinal number ℵ α such that for any R-homomorphism φ : M → G with G an X -injective R-module, there exists a pure submodule A of G such that |A| ≤ ℵ α and φ(M ) ⊂ A. Clearly, U X is closed under direct products and by Proposition 6.1 A is X -injective. Hence the theorem follows by [9, Proposition 6.2.1].
Proposition 6.3. The class U X of all X -injective modules is injectively resolving.
→ M 3 → 0 be an exact sequence of left R-modules with M 1 , M 2 ∈ U X . Let G ∈ U X . By Theorem 6.2, every module has a U X -preenvelope. By [23, Lemma 1.9], G has a special U X -preenvelope. By [13, Lemma 2.2.6], G has a special U X -precover. Then there exists an exact sequence 0 → K → A → G → 0 with A ∈ U X and K ∈ U X . We prove that M 3 is X -injection, i.e., to prove that Ext 1 R (G, M 3 ) = 0. For this it suffices to extend any α ∈ Hom R (K, M 3 ) to an element of Hom R (A, M 3 ). Clearly, K has U X -precover,
where K, K ′ ∈ U X and A ′ ∈ U X . As the class U X is closed under extensions,
That is, the following diagram is commutative
Now, we define β ↾ im φ : A ′ → im φ, where ↾ is a restriction map. Then there exists γ : K ′ → M 1 such that β ↾ im φ (f (K ′ )) = φγ(K ′ ). Hence we have the following commutative diagram
The X -injectivity of M 1 yields a homomorphism γ 1 :
. Then there exists a map β 1 ∈ Hom R (K, M 2 ) such that β = β 1 • g and we get α = ψ • β 1 . Thus the following diagram is commutative
Since M 2 is X -injective, there exists ρ ∈ Hom R (A, M 2 ) such that
, where ψ • ρ ∈ Hom R (A, M 3 ). Hence M 3 is X -injective. Proof. Assume that U X is injectively resolving. Let M ∈ U X and A be a pure submodule of M . By Proposition 6.1, A is X -injective. From the short exact sequence 0 → A → M → M/A → 0, we get M/A is X -injective. Conversely, assume that for every M ∈ U X and every pure submodule A of M , M/A is Xinjective. Let 0 → M 1 f → M 2 → M 3 → 0 be an exact sequence of R-modules with M 1 , M 2 ∈ U X . By the X -injectivity of M 1 , we get im f ⊂ M 2 is also X -injective. Thus im f is pure in M 2 . By assumption, M 2 / im f ∈ U X . Since M 2 / im f ∼ = M 3 , M 3 ∈ U X . Hence U X is injectively resolving since I 0 ⊆ U X .
We recall that R is Noetherian if and only if every direct sum of injective Rmodules is injective [9, Theorem 3.1.17].
The following result establishes an analog version of Theorem 2.6 in [18] .
Theorem 6.5. Let R be a Noetherian ring. Then every R-module M has an Xinjective precover.
Proof. Let X be a set with Card(X) ≤ κ, where κ is the cardinal in [3, Theorem 5] . Denote P(X) the power set of X. We find all the binary operations * : G × G → G for each element G ∈ P(X) and we get a new collection ∪ G∈P(X) {G, * } = G ′ . From
, find all the scalar multiplications, which are functions from the cross product into itself. This remains a set ∪ G∈P(X) {(G, * , ·)} which is denoted by G. Some collection of members of G form a module and we can get the class G of X -injective modules which is contained in the class U X . Clearly I 0 is contained in the class G. Since R is Noetherian, N ∈I0 N (HomR (N,M) ) is an injective module and hence it is X -injective. We prove that N ∈I0 N (N,M) )
